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This paper derives an exact solution for the non-uniform stress and displacement ﬁelds within a ﬁnite,
transversely isotropic, and linear elastic cylinder under compression with a kind of radial constraint
induced by friction between the end surfaces of the cylinder and the loading platens. The main feature
of the present work is the introduction of a general solution form for Lekhnitskii’s stress function such
that the governing equation and all end and curved boundary conditions of the cylinder are satisﬁed
exactly. Two different solutions were obtained corresponding to the real or complex characteristic roots
of the governing equation, depending on the combination of the elastic material constants. The solution
by Watanabe [Watanabe, S., 1996. Elastic analysis of axi-symmetric ﬁnite cylinder constrained radial dis-
placement on the loading end. Structural Engineering/Earthquake Engineering JSCE 13, 175s–185s] for
isotropic cylinders under compression test can be recovered as a special case. Our numerical results show
that both the non-uniform stress distribution and the difference between the apparent and the true
Young’s moduli of the cylinder are very sensitive to the anisotropy of Young’s moduli, Poisson’s ratios
and shear moduli. A more distinct bulging shape of the cylinder is expected when anisotropy in shear
modulus is strong, the cylinder is relatively short, and the end constraint is large. The bulging shape, how-
ever, does not depend strongly on anisotropy of either Poisson’s ratio or Young’s modulus.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Uniaxial and triaxial compressions of solid circular cylinders of
ﬁnite length are among the most popular methods in obtaining the
elastic moduli and the compressive strength of materials, including
soil, rock, concrete, ice, biomaterials, composites, and ceramics. It
has, however, long been recognized that friction exists between
two end surfaces of the cylinder and the loading platens. Conse-
quently, the stress distribution within a cylinder under compres-
sion is normally non-uniform.
There were numerous experimental studies investigating the
effect of friction on the moduli and the strength of solid cylinders.
Experimental studies on soils include the works by Bishop and
Green (1965), Olson et al. (1964), Rowe and Barden (1964),
Kirkpatrick and Belshaw (1968), and Hettler and Vardoulakis
(1984); those on rocks include Hudson et al. (1971), Labuz and
Bridell (1993), Hallbauer et al. (1973), and Vardoulakis et al.
(1998); and those on concrete include Read and Hegemierll rights reserved.
ory of Explosion Science and
100081, China. Tel.: +86 010
cektchau@polyu.edu.hk (K.T.(1984), Torrenti et al. (1993), Starodubsky et al. (1994), and Choi
and Shah (1998).
Filon (1902) analyzed theoretically the non-uniform elastic
stress distribution within a ﬁnite cylinder when the radial dis-
placement of the two end surfaces is perfectly constrained. Since
then the solution of non-uniform stress distribution has been im-
proved by many researchers, including Pickett (1944), Balla
(1960a,b), Peng (1971, 1973), Al-Chalabi (1972), Brady (1971a,b),
Moghe and Neff (1971), Al-Chalabi and Huang (1974), Al-Chalabi
et al. (1974), and Watanabe (1996). For more general cases of
non-axisymmetric boundary conditions, Chau and Wei (2000) pro-
vided a general solution framework for ﬁnite isotropic cylinders.
Among previous theoretical studies, Filon (1902), Moore (1966),
Edelman (1949), Moghe and Neff (1971), Nayak (1974) and Chau
(1997) considered the correction factor for estimating the ‘‘true
Young’s modulus” which is needed to multiply to the ‘‘apparent
Young’s modulus” (which can be obtained by assuming a uniform
stress distribution within a cylinder). Experimental studies by Gent
and Lindley (1959) on highly elastic rubber blocks show that the
apparent Young’s modulus may differ signiﬁcantly from the true
Young’s modulus, depending on the shape or aspect ratio of the
blocks. Such correction factor is very useful in the interpretation
of the moduli and strength of solid cylinders (e.g. Kotte et al.,
1969; Hawkes and Mellor, 1970; Nayak, 1974).
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ders. Many natural and man-made materials are, however, inher-
ently anisotropic, and many kinds of materials can be modeled
adequately by transversely isotropy, such as ice (Lliboutryl,
1993), rock (Nova, 1980; Cazacu and Cristescu, 1999), ﬁbre-rein-
forced composite (Theocaris, 1995), cartilage (Bursac et al., 1999),
and semiconductors (Wei, 2007, 2008). Therefore, in this study
we investigate the non-uniform stress distribution within a trans-
versely isotropic solid circular cylinder subjected to compression
with end constraint induced by friction.
Since the main objective of this paper is to provide an analytical
solution for transversely isotropic cylinders, theoretical analyses for
these cylinders are also reviewed brieﬂy here. For inﬁnitely long
transversely isotropic cylinders, Kasano et al. (1980, 1982) have con-
sidered the stress distribution due to both ring loads and two diam-
etral point loads. The orthogonality of the ‘‘end problem” of
transversely isotropic cylinders was considered by Byrnes and
Archer (1975). For ﬁnite transversely isotropic cylinders, Chau
(1994) considered the free vibrations problem, while Chau (1992,
1993, 1995) investigated the instabilities of pressure-sensitive cyl-
inders. Applying Elliott’s (1948) stress function, Mitra (1965) con-
sidered the axisymmetric deformation of a ﬁnite transversely
isotropic cylinder subjected to arbitrary traction on the end surfaces
and displacement on the curved surface. The axisymmetric prob-
lems involving more general boundary conditions were considered
by Vendhan and Archer (1978) and by Grigorenko and Kryukov
(1998).However, there is no formulation for solvingﬁnite and trans-
versely isotropic cylinders under compression testwith end friction.
In this study, the stress function of Lekhnitskii (1963) will be
employed. A new solution form of Fourier–Bessel expansions will
be proposed in order to satisfy the boundary conditions of both
end and curved boundaries exactly. Emphasis, here, is on how
anisotropy of the solid affects the stress distributions within trans-
versely isotropic cylinders under compression test with end fric-
tion. The results of this study should provide interplay between
anisotropy and friction on the non-uniform stress distribution
within the solid cylinder subjected to both unconﬁned and con-
ﬁned compression test (i.e. uniaxial compression and the conven-
tional triaxial compression). In addition, the stress analysis of
ﬁnite cylinders has also been found useful in the analysis of ﬁ-
bre-reinforced composites (e.g. Smith and Spencer, 1970; Wu
et al., 2000).2. Hooke’s law for transversely isotropic solids
Consider a homogeneous and transversely isotropic cylinder of
diameter D (or 2R) and length H (or 2h) with the two end surfaces
parallel to the plane of isotropy. For the cylindrical coordinate sys-
tem (r,h,z) shown in Fig. 1, the generalized Hooke’s law for trans-
versely isotropic solids can be written as
err ¼ a11rrr þ a12rhh þ a13rzz; ehh ¼ a12rrr þ a11rhh þ a13rzz
ezz ¼ a13rrr þ a13rhh þ a33rzz; chz ¼ a44rhz; crz ¼ a44rrz;
crh ¼ a66rrh ð1Þ
where
a11 ¼ 1ET ; a12 ¼ 
mT
ET
; a13 ¼  mLEL ; a33 ¼ 1EL ;
a44 ¼ 1GL ; a66 ¼ 2ða11  a12Þ ¼
2ð1þmT Þ
ET
¼ 1GT
ð2Þ
The stress tensor is denoted by r, and the normal and shear strains
by e and c, respectively. Physically, ET and EL are the Young’s moduli
governing axial deformations in the planes of isotropy (i.e. any
plane parallel to the two end surfaces) and along direction perpen-
dicular to it (i.e. parallel to the z-axis), respectively. The Poisson’s
ratios mT and mL characterize transverse reductions in the plane ofisotropy under tension in the same plane and under tension along
the z-axis, respectively. The shear moduli for the plane of isotropy
and for planes parallel to the z-axis are denoted by GT and GL,
respectively.
3. Finite cylinders under compression with end radial
constraint induced by friction
Friction inevitably exists between the loading platens and the
two end surfaces of the cylinder in usual compression tests. The
end surfaces are, therefore, constrained from free expansion in-
duced by Poisson effect. In fact, numerous experimental studies
show that friction does exist in compression of concrete (Torrenti
et al., 1993; Starodubsky et al., 1994; Choi and Shah, 1998), soil
(Hettler and Vardoulakis, 1984; Drescher and Vardoulakis, 1982)
and rock (Labuz and Bridell, 1993; Vardoulakis et al., 1998). Conse-
quently, the deformation of the cylinder is not uniform, and a typ-
ical deformed shape of a solid cylinder under compression is
illustrated in Fig. 1. (Note that a more detailed analysis on the de-
formed shape will be given in Section 8.2.3.) The boundary condi-
tions for a ﬁnite solid circular cylinder under a conﬁned
compression test (or the conventional triaxial test) can be written
as
rrr ¼ p0; on r ¼ R ð3Þ
rrz ¼ 0; on r ¼ R ð4Þ
@w
@r
¼ 0; on z ¼ h ð5Þ
u ¼ f ðrÞ; on z ¼ h ð6ÞZ R
0
2prrzzdr ¼ P; on z ¼ h ð7Þ
where P is the total load acting on the loading platens. Physically,
these boundary conditions imply that the cylinder is subjected to
an axial compression of magnitude P with conﬁning stress of p0
and with no end rotation. In particular, boundary condition Eq.
(5) ensures that the loading platens to remain horizontal at all time.
Boundary condition Eq. (6) describes the constraint on the radial
displacement induced by end friction. By adopting the approach
by Chau (1997), Watanabe (1996) and Wei (2007), we assume that
f(r) = au0r/R in Eq. (6), which implies a uniform radial strain on the
two end surfaces. The factor a represents the degree of constraint
on the radial displacement on the end surfaces. If friction is negligi-
ble, the end surface is free to expand and a = 1; if the radial dis-
placement on the end surfaces is completely constrained, no slip
occurs between the cylinder and loading platens and a = 0. In usual
compression tests, partial slip may often occur and 0 6 a 6 1,
depending on the contact condition between the end surfaces and
the loading platens. In addition, it is possible that slippage may
not be uniform or it may not be proportional to the radial distance
from the center. For example, based upon the result of ﬁnite ele-
ment analysis, Watanabe (1996) proposed another type of end
boundary displacement as f(r) = au0 [2r/R  (r/R)3]. The method of
solution to be discussed next will be applicable for any general form
of f(r). Note that boundary condition Eq. (6) is not precisely a fric-
tional condition, although it simulates frictional constraint and al-
lows for the possibility of considering cases intermediate between
full and zero lateral constraint.
4. Stress function for axisymmetric deformation of transversely
isotropic solids
As shown by Lekhnitskii (1963), the displacement components
u and w can be expressed by a single function u for the case of axi-
symmetric deformation as
Fig. 1. A sketch of a transversely isotropic cylinder under compression test: (a) an experimental set-up; (b) a typical deformed shape of a cylinder under compression with
non-zero end friction; and (c) an element showing the plane of isotropy.
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w ¼ a44 @
2u
@r2
þ 1
r
@u
@r
 !
þ ða33d 2a13eÞ @
2u
@z2
ð9Þ
where
b ¼ a13ða13 þ a44Þ  a12a33
a11a33  a213
; d ¼ a
2
11  a212
a11a33  a213
;
e ¼ a13ða11  a12Þ
a11a33  a213
ð10Þ
while the stress function u should satisfy the following partial dif-
ferential equation:
@2
@r2
þ 1
r
@
@r
 !
@2u
@r2
þ 1
r
@u
@r
þ e @
2u
@z2
 !
þ @
2
@z2
c
@2u
@r2
þ c
r
@u
@r
þ d @
2u
@z2
 !
¼ 0 ð11Þ
where
c ¼ a13ða11  a12Þ þ a11a44
a11a33  a213
ð12Þ5. A new general series expressions for Lekhnitskii stress
function
As mentioned in Section 1, for the case of isotropic cylinders a
number of researchers have tried to improve the classical solution
by Filon (1902) so that friction and the partial slippage between
the end surfaces of the cylinder and the loading platens in the ac-
tual compression test can be modeled more realistically. The main
issue concerns the completeness of the solution form. For the
transversely isotropic solids, the solution form given by Lekhnitskii
(1963) is valid only for problems involving inﬁnite long cylinders,
and thus is not applicable to ﬁnite cylinders with prescribed
boundary conditions on the end surfaces. Therefore, the most crit-
ical step in the present analysis is to ﬁnd a general expression for
the stress function for transversely isotropic solids.
In this paper, guided by the solution for the isotropic cylinders,
we seek solutions of the following form for Eq. (11):
u ¼
X1
n¼1
AnI0ðp1fnqÞ þ BnI0ðp2fnqÞ½  sinðnpgÞ
þ
X1
Cs sinhðq1cszÞ þ Ds sinhðq2cszÞ½ J0ðksqÞ ð13Þ
s¼1where q = r/R; ks is the s-th root of J1(ks) = 0; cs = ksj and fn = np/j;
j is a geometrical shape ratio deﬁned as j = h/R; An, Bn, Cs and Ds are
unknown coefﬁcients to be determined from boundary conditions;
p1, p2, q1 and q2 are constants depending on material properties;
and J0(x) and I0(x) are Bessel functions and modiﬁed Bessel function
of the ﬁrst kind of zero order, respectively (Abramowitz and Stegun,
1965).
Substitution of Eq. (13) into Eq. (11) yields
q1;2 ¼
ðc þ eÞ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðc þ eÞ2  4d
q
2d
2
4
3
5
1=2
; p1;2 ¼ q1;2
ﬃﬃﬃ
d
p
ð14Þ
It can be proved that p1,2 = q1,2 = 1 for isotropic solids, and p1,2
and q1,2 are either real (p1,2– q1,2– 1) or complex conjugate pair,
but not pure imaginary for transversely isotropic solids. The elastic
constants for magnesium, some particular species of Douglas ﬁr,
spruce and pine have been found leading to real q1,2, while those
of zinc and some semiconductors lead to complex q1,2 (Byrnes
and Archer, 1975). In addition, it is worthy to note that EL/ET > 1,
or mT/mL < 1 or GL/GT > 1 usually leads to real q1,2, while the other
values may lead to complex q1,2.
In particular, if q1,2 are real (p1,2– q1,2– 1), we propose the gen-
eral expression for the stress function u as
u ¼ R3q0 A0
j3g3
6
þ C0 jgq
2
2
þ
X1
n¼1
sinðnpgÞ
f3n
AnI0ðp1fnqÞ½
(
þBnI0ðp2fnqÞ þ
X1
s¼1
J0ðksqÞ
k3s
Cs sinhðq1csgÞ þ Ds sinhðq2csgÞ½ 
)
ð15Þ
whereq0 isthemeannormalstressontheendsurfacesdeﬁnedasq0 = P/
pR2, andA0,C0,An,Bn,Cs, andDsare realunknownconstants tobedeter-
mined.NotethatadditionaltermscorrespondingtoA0andC0havebeen
addedand theywill leadtouniformnormal stresses. Similar to the case
of isotropic cylinders, both of the inﬁnite series in Eq. (15) are required
to satisfy the boundary conditions given in Eqs. (3)–(7).
If q1,2 are complex, say q1,2 = qR ± qIi, the general expression for
the stress function u can be recast as
u ¼ R3q0 A0
j3g3
6
þ C0 jgq
2
2
þ
X1
n¼1
sinðnpgÞ
f3n
(
 AnRe½I0ðp1fnqÞ þ BnIm½I0ðp1fnqÞ
n o
þ
X1
s¼1
J0ðksqÞ
k3s
Cs sinhðqRcsgÞ cosðqIcsgÞ þ Ds coshhðqRcsgÞ sinðqIcsgÞ
h i)
ð16Þ
where A0;C0;An;Bn;Cs and Ds are real unknown coefﬁcients to be
determined by boundary conditions Eqs. (3)–(7).
It should be emphasized whether Eq. (15) or Eq. (16) is used,
depending solely on the speciﬁc type of the transversely isotropic
1956 X.X. Wei, K.T. Chau / International Journal of Solids and Structures 46 (2009) 1953–1965solid through the calculation of the roots q1,2 according to Eq. (14).
To distinguish the two different kinds of solutions for transversely
isotropic solids, we call those solutions corresponding to real q1,2 as
Solution I and those to complex q1,2 as Solution II.
Moreover, it is straightforward to show that both Eq. (15) and
(16) satisfy governing equation Eq. (11) automatically. Before the
boundary conditions Eqs. (3)–(7) are considered, stresses and dis-
placements will ﬁrst be expressed in terms of the unknown con-
stants in the next section.
6. Expressions for stress and displacement components
6.1. Solution I: solution corresponding to real q1,2
In the case of real q1,2, substitution of Eq. (15) into Eqs. (8), (9)
and the relation between the strain and displacement components,
then into Eq. (1) yields the following expressions for the stress and
displacement:
rrr=q0 ¼ A0eþ ðaþ bÞC0 þ
X1
n¼1
cosðnpgÞ½AnP1ðp1;qÞ þ BnP1ðp2;qÞ
þ
X1
s¼1
n
Cs½q1CðqÞ þ eq31J0ðksqÞ coshðq1csgÞ
þDs½q2CðqÞ þ eq32J0ðksqÞ coshðq2csgÞ
o
ð17Þ
rrz=q0 ¼
X1
n¼1
sinðnpgÞ AnP2ðp1;qÞ þ BnP2ðp2;qÞ½ 
þ
X1
s¼1
J1ðksqÞ Csðeq21  1Þ sinhðq1csgÞ

þDsðeq22  1Þ sinhðq2csgÞ
 ð18Þ
u
q0R
¼ ð1 bÞða11  a12Þ C0qþ
X1
n¼1
cosðnpgÞ
fn
Anp1I1ðp1fnqÞ½
(
þBnp2I1ðp2fnqÞ 
X1
s¼1
J1ðksqÞ
ks
Csq1 coshðq1csgÞ þ Dsq2 coshðq2csgÞ½ 
)
ð19Þ
w
q0R
¼ ½2a44C0 þ A0ða33d 2a13eÞjgþ
X1
n¼1
sinðnpgÞ
fn
½AnP3ðp1;qÞ
þ BnP3ðp2;qÞ þ
X1
s¼1
J0ðksqÞ
ks
n
Cs½a44  ða33d 2a13eÞq21
 sinhðq1csgÞ þ Ds½a44  ða33d 2a13eÞq22 sinhðq2csgÞ
o
ð20Þ
where
P1ðx;qÞ ¼ ðax2  eÞI0ðxfnqÞ þ ðb aÞx
I1ðxfnqÞ
fnq
ð21Þ
P2ðx;qÞ ¼ ðex x3ÞI1ðxfnqÞ ð22Þ
P3ðx;qÞ ¼ ½a44x2 þ ða33d 2a13eÞI0ðxfnqÞ ð23Þ
CðqÞ ¼ aJ0ðksqÞ þ ða bÞ
J1ðksqÞ
ksq
ð24Þ
where a = 1. The expression for rhh can be obtained from Eq. (17) by
replacing ‘‘a” and ‘‘b” by ‘‘b” and ‘‘1”, respectively. While the expres-
sion for rzz can be obtained from Eq. (17) by replacing both of ‘‘a”
and ‘‘b” by ‘‘c”, and ‘‘e” by ‘‘d”, respectively.
6.2. Solution II: solution corresponding to complex q1,2
Similarly, if the characteristic roots q1,2 are complex, the expres-
sions for the stress and displacement components for Solution II arerrr=q0¼A0eþðaþbÞC0þ
X1
n¼1
cosðnpgÞ AnRe½P1ðp1;qÞ
n
þBnIm½P1ðp1;qÞ
o
þ
X1
s¼1
(
CsK1ðqR;qI;qÞþDsK2ðqR;qI;qÞ
h i
coshðqRcsgÞcosðqIcsgÞþ CsK2ðqR;qI;qÞþDsK1ðqR;qI;qÞ
h i
sinhðqRcsgÞsinðqIcsgÞ
)
ð25Þ
rrz=q0 ¼
X1
n¼1
sinðnpgÞ
n
AnRe½P2ðp1;qÞ þ BnIm½P2ðp1;qÞ
o
þ
X1
s¼1
J1ðksqÞ Csðeðq2R  q2I Þ  1Þ þ 2DseqRqI
h in
 sinhðqRcsgÞ cosðqIcsgÞ þ ½2CseqRqI þ Dsðeðq2R  q2I Þ  1Þ
 coshðqRcsgÞ sinðqIcsgÞ
o
ð26Þ
u
q0R
¼ ð1 bÞða11  a12Þ C0qþ
X1
n¼1
cosðnpgÞ
fn
AnRe½p1I1ðp1fnqÞ
n(
þBnIm½p1I1ðp1fnqÞ
o

X1
s¼1
J1ðksqÞ
ks
½ðCsqR þ DsqIÞ coshðqRcsgÞ
 cosðqIcsgÞ þ ðCsqI þ DsqRÞ sinhðqRcsgÞ sinðqIcsgÞ
o
ð27Þ
w
q0R
¼ ½2a44C0þA0ða33d2a13eÞjgþ
X1
n¼1
sinðnpgÞ
fn
n
AnRe½P3ðp1;qÞ
þBnIm½P3ðp1;qÞ
o
þ
X1
s¼1
J0ðksqÞ
ks
n
½Csða44ða33d2a13eÞ
ðq2Rq2I ÞÞ2DsqRqIða33d2a13eÞsinhðqRcsgÞcosðqIcsgÞ
þ½2CsqRqIða33d2a13eÞþDsða44ða33d2a13eÞ
ðq2Rq2I ÞÞcoshðqRcsgÞsinðqIcsgÞ
o
ð28Þ
where
K1ðx; y;qÞ ¼ xCðqÞ þ eðx3  3xy2ÞJ0ðksqÞ ð29Þ
K2ðx; y;qÞ ¼ yCðqÞ  eðy3  3x2yÞJ0ðksqÞ ð30Þ
and a = 1. The expression for rhh can be obtained from Eq. (25) by
replacing ‘‘a” and ‘‘b” with ‘‘b” and ‘‘1”, respectively. While the
expressions for rzz can be obtained from Eq. (25) by replacing both
of ‘‘a” and ‘‘b” by ‘‘c”, and ‘‘e” by ‘‘d”, respectively. The next step
is to use the boundary conditions Eqs. (3)–(7) to determine the un-
known coefﬁcients.
7. Determination of unknown coefﬁcients
7.1. Solution I: all roots are real
The boundary condition rrz = 0 on the curved surface q = 1 (or
r = R) leads to
An ¼ EnP2ðp2;1Þ; Bn ¼ EnP2ðp1;1Þ ð31Þ
where En is an extra constant introduced to simplify the later pre-
sentation and it will be ﬁxed later such that the subsequent formu-
las can be expressed in a more efﬁcient manner.
The boundary condition @w/@r = 0 on the two end surfaces
g = ±1 (i. e. z = ±h) leads to
Cs ¼ Fs a44  ða33d 2a13eÞq22
 
sinh q2cs;
Ds ¼ Fs a44  ða33d 2a13eÞq21
 
sinh q1cs ð32Þ
where Fs is another constant introduced to simplify the subsequent
presentation.
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obtained by setting q = 1 in Eq. (17):
rrr=q0 ¼ A0eþ ðbþ 1ÞC0 þ
X1
n¼1
cosðnpgÞ½AnP1ðp1;1Þ þ BnP1ðp2;1Þ
þ
X1
s¼1
Cs½q1Cð1Þ þ eq31J0ðksÞ coshðq1csgÞ

þDs½q2Cð1Þ þ eq32J0ðksÞ coshðq2csgÞ
 ð33Þ
By applying a Fourier expansion for the hyperbolic cosine in Eq. (33)
and then expressing the result in terms of the constants En and Fs,
we have
rrr=q0 ¼ A0eþ ðbþ 1ÞC0 þ
X1
s¼1
FsQs0=2
þ
X1
n¼1
EnDn þ
X1
s¼1
FsQsn
" #
cosðnpgÞ ð34Þ
where
Qsn ¼ J0ðksÞ a44  ða33d 2a13eÞq22
 
eq31  q1
 
sinh q2csGsnðq1Þ

 a44  ða33d 2a13eÞq21
 
eq32  q2
 
sinh q1csGsnðq2Þ
 ð35Þ
GsnðxÞ ¼ 2ð1Þ
nxcs sinhðcsxÞ
c2s x2 þ ðnpÞ2
ð36Þ
Dn ¼ P2ðp2;1ÞP1ðp1;1Þ P2ðp1;1ÞP1ðp2;1Þ ð37Þ
The boundary condition rrr = 0 on q = 1 can now be applied and the
following relations between A0 and C0 and between En and Fs are
obtained:
A0eþ ðbþ 1ÞC0 þ
X
FsQs0=2 ¼ p0=q0 ð38Þ
EnDn þ
X1
n¼s
FsQsn ¼ 0 ð39Þ
Substitution of Eqs. (31) and (32) into Eq. (19) and set g = ±1
yield the following expression for the radial displacement on the
two end surfaces (i.e. on z = ±h) as
u
q0R
¼ ð1 bÞða11  a12Þ C0qþ
X1
n¼1
ð1ÞnEn
fn
P2ðp2;1Þp1I1ðp1fnqÞ½
(
P2ðp1;1Þp2I1ðp2fnqÞ þ
X1
s¼1
J1ðksqÞFs
ks
Xs
)
ð40Þ
where
Xs ¼ ½a44  ða33d 2a13eÞq22q1 sinhðq2csÞ coshðq1csÞ
 ½a44  ða33d 2a13eÞq21q2 coshðq2csÞ sinhðq1csÞ ð41Þ
To apply the end boundary condition Eq. (6), we ﬁrst expand Eq.
(40) into a Fourier–Bessel series as
u
q0R
¼ ð1 bÞða11  a12Þ
X1
s¼1
J1ðksqÞ
ks
 2C0
J0ðksÞ
þ FsXs þ
X1
n¼1
EnRsn
" #
ð42Þ
where
Rsn ¼ ð1Þ
n
fn
ep2  p32
 
p1I1ðfnp2ÞHsnðp1Þ

 ep1  p31
 
p2I1ðfnp1ÞHsnðp2Þ
 ð43Þ
HsnðxÞ ¼  2k
2
s I1ðxfnÞ
½k2S þ x2f2nJ0ðksÞ
ð44Þ
To match the boundary condition Eq. (6) with the radial displace-
ment given in Eq. (42), (6) is also expanded into a Fourier–Bessel
series asuðqÞ ¼
X1
s¼1
asJ1ðksqÞ forð0 6 q 6 1Þ ð45Þ
where as can be obtained as
as ¼ 2R½ð1 mTÞELp0  mLETq0aETELksJ0ðksÞ
ð46Þ
Finally, by comparing the coefﬁcients of Eqs. (45) and (42), we
have
 2C0
J0ðksÞ
þ FsXs þ
X1
n¼1
EnRsn ¼ 1ð1 bÞða11  a12Þ
 aksas
EL
ð1 mTÞ ELET
p0
q0
 mL
	 

ð47Þ
As remarked earlier, the expressions for rzz can be obtained by
replacing both ‘‘a” and ‘‘b” by ‘‘c”, and ‘‘e” by ‘‘d” in Eq. (17)
as
rzz=q0 ¼ A0d 2cC0 þ
X1
n¼1
cosðnpgÞ AnP1ðp1;qÞ þ BnP1ðp2;qÞ½ 
þ
X1
s¼1
Cs q1CðqÞ þ eq31J0ðksqÞ
 
coshðq1csgÞ

þDs q2CðqÞ þ eq32J0ðksqÞ
 
coshðq2csgÞ
 ð48Þ
Substitution of Eq. (48) into Eq. (7) with g = ±1 leads to
2cC0  dA0 þ
X1
n¼1
EnRn ¼ 1 ð49Þ
where
Rn ¼ 2ð1Þ
n
fn
d cp21
 
ep2  p32
 
I1 p2fnð Þ
I1ðp1fnÞ
p1
 d cp22
 	


ep1  p31

I1ðp1fnÞ
I1ðp2fnÞ
p2


ð50Þ
To determine the unknown coefﬁcients A0, C0, En and Fs, the cou-
pled system of equations, Eqs. 38, 39, 47 and 49, has to be solved
simultaneously. For numerical implementation, we can truncate
the inﬁnite series in these equations and retain only the ﬁrst n
and s terms. Then, there will be (s + n + 2) equations for the
(s + n + 2) unknown coefﬁcients of A0, C0, En and Fs. Finally, An,
Bn, Cs and Ds can be obtained by substitution of Fs and En into
Eqs. (31) and (32). Once these coefﬁcients are determined, the
stress and displacement ﬁelds inside the cylinder can be evaluated
according to Eqs. (17)–(20).
7.2. Solution II: all roots are complex
By adopting the procedure used in obtaining Solution I, the un-
known coefﬁcients An;Bn;Cs, and Ds for Solution II can be deter-
mined. Without going into the details, we simply report the
following formulas:
An ¼ EnIm½P2ðp1;1Þ; Bn ¼ EnRe½P2ðp1;1Þ ð51Þ
Cs ¼ Fsw1ðqR; qIÞ; Ds ¼ Fsw2ðqR; qIÞ ð52Þ
where
w1ðqR; qIÞ ¼ 2qRqIða33d 2a13eÞ sinh qRcs cos qIcs
þ a44  ða33d 2a13eÞ q2R  q2I
  
cosh qRcs sinqIcs
ð53Þ
w2ðqR; qIÞ ¼ 2qRqIða33d 2a13eÞ cosh qRcs sinqIcs
þ a44  ða33d 2a13eÞ q2R  q2I
  
sinh qRcs cos qIc
ð54Þ
While A0;C0, Fs and En can be solved from
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X
FsQs0=2 ¼ p0=q0 ð55Þ
 2cC0  dA0 þ
X1
n¼1
EnRn ¼ 1 ð56Þ
EnDn þ
X1
n¼s
FsQsn ¼ 0 ð57Þ
 2C0
J0ðksÞ
þ FsXs þ
X1
n¼1
EnRsn ¼ 1ð1 bÞða11  a12Þ
 aksas
EL
ð1 mTÞ ELET
p0
q0
 mL
	 

ð58Þ
where
Qsn ¼ J0ðksÞ
n
½T1 sinh qRcs cos qIcs þ T2 cosh qRcs sinqIcsLsn
þ½T3 sinh qRcs cos qIcs þ T1 cosh qRcs sinqIcsGsn
o ð59Þ
Rsn ¼ ð1Þ
n
fn
n
Im½P2ðp1;1ÞRe½Hsnðp1Þ  Re½P2ðp1;1Þ
 Im½Hsnðp1Þ
o
ð60Þ
Rn ¼ 2ð1Þ
n
fn
Im½P2ðp1;1ÞRe
ðd cp21Þ
p1
I1ðp1fnÞ
	 

Re½P2ðp1;1ÞIm
ðd cp21Þ
p1
I1ðp1fnÞ
	 

ð61Þ
Dn ¼ Im½P2ðp1;1ÞRe½P1ðp1;1Þ  Re½P2ðp1;1ÞIm½P1ðp1;1Þ ð62Þ
Xs ¼ f½w1ðqR; qIÞqR  w2ðqR; qIÞqI cosh qRcs cos qIcs
½w1ðqR; qIÞqI þ w2ðqR; qIÞqR sinh qRcs sinqIcsg
ð63Þ
HsnðxÞ ¼ 2xk
2
s I1ðxfnÞ
½k2S þ f2nx2J0ðksÞ
ð64Þ
Gsn ¼ 2ð1Þn
 ½c2s q2Rþq2I c2s þn2p2 qRcs cosh qRcs sin qIcs½c2s q2Rþq2I c2s n2p2 qIcs sinh qRcs cos qIcs½c2s q2RþðqIcsnpÞ2 ½c2s q2RþðqIcsþnpÞ2 
ð65Þ
T1 ¼ qIf½a44  ða33d 2a13eÞðq2R  q2I Þ½eðq2I  3q2RÞ þ 1
 2ða33d 2a13eÞq2R½eðq2R  3q2I Þ  1g ð66Þ
T2 ¼ qRf½a44  ða33d 2a13eÞðq2R  q2I Þ½eðq2R  3q2I Þ  1
þ 2ða33d 2a13eÞq2I ½eðq2I  3q2RÞ þ 1g ð67Þ
T3 ¼ qRf½a44  ða33d 2a13eÞðq2R  q2I Þ½eðq2R  3q2I Þ  1
þ 2ða33d 2a13eÞq2I ½eðq2R  3q2I Þ þ 1g ð68Þ
Note that Lsn can be obtained by interchanging the terms
‘‘coshqRcsinqIcs” and ‘‘sinhqR cscosqIcs” with each other in Eq. (65),
and replacing ‘‘” by ‘‘+” in front of the second bracket in the
numerator of Eq. (65).
The unknown coefﬁcients A0;C0, En and Fs can be ﬁrst solved
from system of equations of Eqs. (55)–(58). Then, An;Bn;Cs and Ds
can be obtained by substitution of Fs and En into Eqs. (51) and
(52). Once these coefﬁcients are solved, the stress and displace-Table 1
Comparison of the present solution with that by Watanabe (1996) for relative axial displa
j Present solution
Solution I Solution II
a a
0.0 0.5 0.0
2.0 0.9891 0.9946 0.9891
1.0 0.9781 0.9890 0.9781
0.5 0.9556 0.9778 0.9556
0.17 0.9202 0.9601 0.9200ment ﬁelds inside a transversely isotropic cylinder corresponding
to Solution II can be evaluated using Eqs. (25)–(28).8. Numerical results and discussions
8.1. Isotropic cylinders under compression
8.1.1. Comparison of the isotropic limit to Watanabe (1996) solution
As mentioned in Section 1, non-uniform deformation of a ﬁnite
isotropic cylinder under conﬁned compression has been investi-
gated by Watanabe (1996). Therefore, the isotropic limit of the
present solution for ﬁnite transversely isotropic cylinders will be
compared to that by Watanabe (1996). In particular, we will con-
sider the limiting case of both Solutions I and II to Watanabe’s
(1996) solution for isotropic cylinders. As an example, we consider
the unconﬁned compression (i.e. p0 = 0) of an isotropic cylinder
with m = 0.2, and at the same time we also consider the compres-
sion of two ‘‘nearly-isotropic cylinders”, taken as the limiting cases
from both Solutions I and II. For real q1,2 or Solution I, we set
EL = ET = E, mT = 0.1999, mL = 0.2, and GL = GT; and for complex q1,2
or Solution II, we consider the limiting case of EL = ET = E, mT = 0.2,
mL = 0.2001, and GL = GT. Table 1 compares the normalized axial dis-
placement at the end surface (w/w0) obtained by the limiting cases
of Solutions I and II, and by Watanabe (1996), where w0 is the axial
displacement for the case of smooth contact (i.e. no end friction).
When the end surface is partially constrained, the axial displace-
ment of the loading end (w) is generally smaller than that of the
case with zero friction (w0). The numerical results by Watanabe
(1996) are obtained by using n = s = 400 in his series solution given
in Eq. (7) of Watanabe (1996), while the present numerical results
are obtained by using n = s = 50 in Eqs. (17)–(20). We found that 50
terms in both the summations of n and s are sufﬁcient to yield a
steady solution for the end displacement. As shown in Table 1,
our solutions are basically the same as those by Watanabe (1996).
In general, more terms in n than in s are needed to get a speciﬁc
error control (say 1%) if j > 1, while more terms in s than in n are
needed to get the same error control if j < 1. We found that typi-
cally 100 terms in both s and n are needed except near the point
g = q = 1. Similar to the analysis by Watanabe (1996) for isotropic
cylinders, our numerical calculations show that the stress near
g = q = 1 does not converge. In particular, the magnitude of rzz at
the edge is much larger than that near the central region on the
end surfaces. This result is consistent with the experimental obser-
vation that plastic deformation or failure is often initiated near the
corner of the cylinder.
8.1.2. The correction factor for Young’s modulus for isotropic cylinders
For isotropic cylinders compressed between two rough end
platens, Chau (1997) derived an approximate solution for the ra-
tio between the true Young’s modulus E and the apparent
Young’s modulus E (which is obtained by assuming a uniform
stress within the isotropic cylinder). The exact solution for thiscement w/w0 of loading end in isotropic case.
Solution by Watanabe (1996)
Analytic solution FEM
a a
0.5 0.0 0.5 0.5
0.9946 0.9891 0.9946 0.9980
0.9890 0.9781 0.9899 0.9922
0.9777 0.9555 0.9778 0.9805
0.9600 0.9197 0.9588 0.9594
X.X. Wei, K.T. Chau / International Journal of Solids and Structures 46 (2009) 1953–1965 1959correction factor was, however, obtained by Watanabe (1998).
Although the details are not given here, we have been able to
reproduce Fig. 4 of Watanabe (1998) by considering the isotropic
limits of both Solutions I and II. Thus, the validity of the present
solution is again illustrated.
8.2. Transversely isotropic cylinders under compression
The main contribution of this paper is in deriving an anisotropic
counterpart of the analytical solution of isotropic cylinders under
compression obtained by Watanabe (1996). Before parametric
studies on the degree of anisotropy are carried out, three aniso-
tropic factors are introduced:
vE ¼
EL
ET
; vm ¼
mL
mT
; vG ¼
GL
GT
ð69Þ
They characterize the effects of the anisotropy in Young’s modulus,
Poisson’s ratio, and shear modulus of the solids, respectively.
8.2.1. Stress patterns within the transversely isotropic cylinders
One application of the non-uniform stress ﬁeld predicted by the
present theory is the interpretation of the plastic or inelastic zone
(as well as the failure pattern) of compressed cylinders (e.g. Filon,
1902; Balla, 1960a,b; Hawkes and Mellor, 1970; Kotte et al., 1969).
Although strictly speaking elastic stress distribution ceases to ap-
ply once inelastic deformation occurs within the cylinder, previous
studies show that the predicted failure mode, in general, agrees
well with those of experiments if the cylinder is brittle, such as
concrete and rock (Filon, 1902; Kotte et al., 1969; Momber,
2000). Therefore, elastic stress analysis does provide useful insight
and meaningful estimation of the actual stress distribution before
the brittle cylinder breaks under compression.
There are several ways to present contour plot for the non-uni-
form stress distribution within a cylinder. One can plot all normal
and shear stresses one by one (e.g. Peng, 1971; D’Appolonia and
Newmark, 1951; Al-Chalabi and Huang, 1974), the principal stres-
ses (e.g. Filon, 1902; Kotte et al., 1969), or a measure of equivalent
shear stress (e.g. Balla, 1960a,b; Hawkes and Mellor, 1970). In this
study, the normalized stress s0/q0 is deﬁned as
s0=q0 ¼
1
q0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
6
½ðrrr  rzzÞ2 þ ðrzz  rhhÞ2 þ ðrrr  rhhÞ2 þ r2rz
r
¼ x
ð70ÞFig. 2. Contour plots of non-uniform stress distribution in a quarter of the meridian plan
The parameters used are EL = ET = E, mL = 0.2, mT = 0.9999mL, GL = GT, l = 0.7, a = 0.0 and jwill be adopted. Note that the octahedral shear stress sn is related to
s0 by sn ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃð2=3Þp s0.
Fig. 2a shows the contour of s0/q0 in a quarter of the meridian
plane for EL = ET = E, mL = 0.2, mT = 0.9999mL, GL = GT and for a = 0.0,
and j = 2.0. As mentioned by Balla (1960a), the shadow areas can
be understood as a kind of plastic or inelastic domain, and the ac-
tual size of the inelastic zone depends on the threshold stress level
for yielding or cracking. Alternatively, Hawkes and Mellor (1970)
proposed to plot an equivalent stress measure which is more rele-
vant to friction type of the geomaterials:
Cðr1;r3;lÞ ¼ r12 ðl
2 þ 1Þ1=2  l
h i
 r3
2
ðl2 þ 1Þ1=2 þ l
h i
ð71Þ
where l is the coefﬁcient of internal friction of the material, and r1
and r3 are the maximum and minimum principal stresses, respec-
tively. When Eq. (71) is interpreted using the Mohr-Coulomb failure
criterion (a criterion commonly used for geomaterials), C can be set
to the intrinsic shear strength S0. When it is interpreted using the
McClintock and Walsh (1963) cracking criterion, C can be set to
2rT where rT is the uniaxial tensile strength of the solid (Hawkes
and Mellor, 1970). Note that the McClintock–Walsh criterion is for
wing crack initiation from an inclined frictional shear crack under
axial compression.
Fig. 2b plots C for l = 0.7 and for one quarter of the meridian
plane, the rest being symmetrical. The other parameters used are
the same as those for Fig. 2a. Despite the differences in deﬁni-
tions, the patterns of inelastic deformation interpreted from these
plots are indeed similar. In the following discussions, we will fo-
cus on the C-plot of Hawkes and Mellor (1970) and use Fig. 2b as
the isotropic basis to investigate the effect of the degree of
anisotropy on the pattern and the magnitude of the inelastic
zones. Note that C = 0.264 has been arbitrarily set as the thresh-
old for inelastic deformation. The actual value of C for a speciﬁc
frictional geomaterial can be obtained by the uniaxial tensile
strength test.
Fig. 3 plots the contours of C for various values of vE for
vm = vG = 1.0, mT = 0.20, j = 2.0, a = 0.0, and l = 0.7. Note that
l = 0.7 is chosen for frictional geomaterials, such as rocks. The
present solution can be applied to other brittle materials by choos-
ing suitable values for l. The two ﬁgures for vEP 1 are obtained
from Solution I, while the other two ﬁgures for vE < 1 are obtained
from Solution II. Fig. 3 shows that a smaller anisotropic factor vE
will result in a larger inelastic zone. For isotropic solids, as sug-e: (a) normalized stress s0/q0 deﬁned in Eq. (70); (b) contour of C deﬁned in Eq. (71).
= 2.0.
Fig. 3. Contour plots of C for various anisotropic factors vE for vm = vG = 1.0, mT = 0.20, j = 2.0, a = 0.0, and l = 0.7.
1960 X.X. Wei, K.T. Chau / International Journal of Solids and Structures 46 (2009) 1953–1965gested by Filon (1902), the contour plot of vE = 1 indicates that two
conical fragments will fall off from the loading platens; and this
observation generally agrees with those of experiments for con-
crete and isotropic rock (Kotte et al., 1969). But, for the case ofFig. 4. Contour plots of C for various anisotropic factors vmhighly anisotropic cylinders (e.g. vE = 2.0), such conclusion will
no longer be valid. Therefore, for anisotropic cylinders, such as
composite cylinders, the failure pattern may differ signiﬁcantly
from that of isotropic materials.for vE = vG = 1.0, mT = 0.20, j = 2.0, a = 0.0, and l = 0.7.
X.X. Wei, K.T. Chau / International Journal of Solids and Structures 46 (2009) 1953–1965 1961Fig. 4 plots the contours of C for various values of vm. The other
parameters are the same as those used in Fig. 3. The two ﬁgures for
vm 6 1 are obtained from Solution I, while the other two ﬁgures for
vm > 1 are obtained from Solution II. In general, the size of the
inelastic zone increases with vm. Hence, the degree of anisotropy
in Poisson’s ratio may lead to a larger inelastic zone in the cylinder.
Fig. 5 plots the contours of C for various values of vG. The other
parameters are the same as those used in Fig. 3. The three ﬁgures
for vGP 1 are obtained from Solution I, while the other ﬁgure
for vG < 1 is obtained from Solution II. Contrary to the conclusion
obtained in Fig. 4, the size of the inelastic zone actually decreases
with increase of vG.
In all previous calculations, we have used the standard speci-
men geometry j = 2 recommended by the standard testing meth-
ods either for rock, soil or concrete (ASTM, 1979; ISRM, 1979;
Neville, 1995; Lambe and Whitman, 1979; Goodman, 1989). To
examine the geometric effect, Fig. 6 plots the contours of C for var-
ious values of slenderness ratio j for vE = 0.5, vm = vG = 1.0,
mT = 0.20, a = 0.0. From the ﬁrst glance, it seems peculiar to see that
the stress distribution in short cylinders (with a smaller j) is more
uniform than that of longer cylinder (with a larger j). But for rel-
atively short cylinders (say j = 0.5) restrained by end surfaces, lat-
eral bulging of the cylinder is likely to be limited. Consequently,
the degree of non-uniformity in stress distribution is also limited.
So far, we have assumed a non-slip end surface (a = 0) or the
friction between the loading platens and the cylinder is high en-
ough to prevent slippage. To illustrate the effect of partial slip,
Fig. 7 plots the contours of C for various friction factors a for
vE = 0.5, vm = vG = 1.0, mT = 0.20, and j = 2.0. As expected, the stress
distribution becomes more uniform as a increases. However, as
shown in Fig. 7 the inelastic zone at the corner remains at a = 0.8
even when the inelastic zone close to the center completely disap-
pears. This indicates that stress singularity exist at g = q = 1, as re-
marked earlier.
All of the previous calculations are for uniaxial compression
test. To examine the effect of conﬁning stress on the stress distri-Fig. 5. Contour plots of C for various anisotropic factors vGbution, Fig. 8 plots the contours of C for conﬁning pressure p0 = 0,
0.1q0 for vE = 0.5, vm = vG = 1.0, mT = 0.20, j = 2.0, a = 0.0. As ex-
pected, the conﬁning stress inhibits the free expansion of the cyl-
inder away from the end surface and, thus, reduces the degree of
non-uniformity of the stress distribution.
To examine the normal stress distribution on the end surface,
Fig. 9 plots rzz/q0 versus r/R on the end surface g = ±1 for various
values of vE. The calculations are for various values of vE with
vm = vG = 1, mT = 0.20, and a = 0.0. It was observed that the normal
stress distribution on the loading end surfaces is more uniform
when vEP 1, comparing to the case of vE < 1.
8.2.2. Correction factor for Young’s modulus
Uniaxial compression on circular cylinders is one of the most
popular ways to obtain the Young’s modulus of a solid. For isotro-
pic solids, if no friction is developed between the end surfaces and
the loading platens, the Young’s modulus can be measured exactly
from a uniaxial compression test. However, due to friction on the
end surfaces, the apparent Young’s modulus obtained from an
usual uniaxial compression test is always larger than the true
one of a solid (Chau, 1997). The difference between the apparent
Young’s modulus and the true one, in general, decreases with
length, but increases with Poisson’s ratio of the cylinder. In fact,
another application of the elastic stress analysis is to provide the
correction factor in ﬁnding the true Young’s modulus (e.g. Filon,
1902; Nayak, 1974; Chau, 1997, 1999; Watanabe, 1998).
Such a correction factor, however, has never been considered
for transversely isotropic cylinders under compression. Therefore,
the correction factor for Young’s modulus EL/EL (where EL is the
apparent Young’s modulus and can be obtained by assuming a uni-
form stress within the transversely isotropic cylinder) will be con-
sidered here. Note that the ratio EL/EL equals to wg=1/w0, which is
the ratio of the vertical displacement on the end surface (i.e.
g = 1) with frictional effect to that without frictional effect.
Fig. 10 shows the variations of EL=EL for various anisotropic fac-
tors vE, vm and vG. The calculations are for mT = 0.20, and a = 0.0.for vE = vm = 1.0, mT = 0.20, j = 2.0, a = 0.0, and l = 0.7.
Fig. 6. Contour plots of C for various slenderness ratios j for vE = 0.5, vm = vG = 1.0, mT = 0.20, a = 0.0, and l = 0.7.
Fig. 7. Contour plots of C for various friction factors a for vE = 0.5, vm = vG = 1.0, mT = 0.20, j = 2.0, and l = 0.7.
1962 X.X. Wei, K.T. Chau / International Journal of Solids and Structures 46 (2009) 1953–1965The solid lines are obtained from Solution I, while the dotted lines
are obtained from Solution II. In the isotropic limit (i.e. vE = 1), our
results are the same as those by Watanabe (1998). Fig. 10 clearly
shows that the correction factor deviates farther away from unitywhen vE and vG decrease or when vm increases. Similar to the case
of isotropic cylinders (Chau, 1997; Watanabe, 1998), EL=EL in gen-
eral decreases with R/h.That is, a smaller ratio of R/h usually leads
to a smaller difference between the apparent Young’s modulus and
Fig. 8. Contour plots of C for various conﬁning pressures p0 for vE = 0.5, vm = vG = 1.0, mT = 0.20, j = 2.0, a = 0.0, and l = 0.7.
Fig. 9. The normal stress rzz/q0 versus r/R at the end surface for various anisotropic
factors vE for vm = vG = 1.0, mT = 0.20, and a = 0.0.
X.X. Wei, K.T. Chau / International Journal of Solids and Structures 46 (2009) 1953–1965 1963the true one. Therefore, it seems that the values of h/R of 2 to 3
used for testing isotropic specimens can also be used for trans-
versely isotropic materials. We also observe that Solution I always
leads to a larger EL=EL, while Solution II always leads to a smaller
EL=EL, comparing to those in the isotropic case.
8.2.3. Radial displacement on the curved surface
One of the easiest ways to examine the validity of the analysis is
to observe the deformed shape of the cylinders under loading.
Therefore, Fig. 11a–c plots the radial displacement u/u0 on the0.85
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Fig. 10. Correction factor EL=EL versus R/h for various anisotropic factors vE, vm and vG. Th
vE = vm = 1.0.curved surface along z/h for various values of vG for j = 0.5, 1.0,
and 2.0, respectively, where u0 is the radial displacement for the
case without end friction. The other parameters used are a = 0,
vE = vm = 1.0, and mT = 0.20. Fig. 11 shows that the bulging shape
is more apparent when vG increases if j = 0.5; and the bulging
mode is more apparent when vG decreases if j = 1 and 2. However,
if j < 1, the radial displacement u is usually smaller than u0; and if
j > 1, the radial displacement u is usually comparable to u0 in the
mid-portion of the cylinder. As expected, Fig. 11 suggests that
bulging phenomenon is more apparent in short cylinders. We want
to emphasize that the bulging mode plots here is a result of end
friction and should not be confused with those bulging caused by
material nonlinearity (e.g. Chau and Rudnicki, 1990; Chau, 1992).
Fig. 12 shows the effect of friction factor a on the radial displace-
ment on the curved surface. As expected, a uniform displacement
is approached as a? 1. We also have plotted the deformed shape
as a function of vE and vm, but such anisotropy is found insigniﬁ-
cant as long as vG = 1. Therefore, when the end constraint is signif-
icant, anisotropy in shear modulus is more instrumental to the
development of bulging shape of the cylinder than anisotropy in
Poisson’s ratio and Young’s modulus.9. Conclusions
This paper derives an exact solution for the non-uniform
stress and displacement distributions in a ﬁnite transversely iso-
tropic cylinder under uniaxial or conﬁned compression with2.0 3.0
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c
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e parameters used are for mT = 0.20, a = 0.0, and (a) vm = vG = 1.0; (b) vE = vG = 1.0; (c)
Fig. 12. Radial displacement u/u0 proﬁle on the curved surface for various friction
factors a. The other parameters used are: j = 0.5, vG = 0.1, vE = vm = 1.0, and
mT = 0.20.
Fig. 11. Radial displacement u/u0 proﬁle on the curved surface for various anisotropic factors vG for (a) j = 0.5; (b) j = 1.0; (c) j = 2.0. The other parameters used are:
vE = vm = 1.0, mT = 0.20, and a = 0.0.
1964 X.X. Wei, K.T. Chau / International Journal of Solids and Structures 46 (2009) 1953–1965radial constraint on the end surfaces induced by frictional con-
tact. The main contribution of the present work is in identifying
the complete and appropriate solution form for Lekhnitskii’s
(1963) stress function that can satisfy both end and curved
boundary conditions simultaneously. The newly proposed solu-
tion form can also be used to solve other mixed boundary axi-
symmetric problems of ﬁnite transversely isotropic cylinders.
The FEM and analytical solutions by Watanabe (1996) for isotro-
pic cylinders under compression test can be recovered as a spe-
cial case by considering the limiting cases of both Solutions I and
II (see Table 1).
To examine the stress distribution, contour plots of an equiva-
lent shear stress C for friction type materials were plotted for var-
ious anisotropic parameters and slenderness ratio of the cylinder.
In general, our numerical results show that a smaller value in the
anisotropy factors for Young’s modulus (i.e. EL/ET), Poisson’s ratio
(i.e. mT/mL), and shear modulus (i.e. GL/GT) will result in a more
non-uniform stress distribution. The stress distribution for short
cylinders (with a smaller j = h/R, where h and R are the half length
and radius of the cylinder) is found more uniform than that of
longer cylinder (with a larger j). In addition, the correction factor
for the true Young’s modulus can, in general, be 15% smaller than
that for isotropic case, depending on the shape of the cylinder. The
bulging shape of the compressed cylinder depends on the end con-
straint, the geometric shape, as well as the degree of anisotropy.
Anisotropy in shear modulus leads to a more recognizable bulging
shape in short cylinders than anisotropies in Young’s modulus and
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